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\)\ This n'nport documents a gancral non-linaar regression program for fitting
data to nc;n—linaar models. The program iz basad on an nlaorlthm*v-.wwdt—’(‘)
which uses a least squares criterion to calculate successive improvements to an
initial set of parametsr estimatev. The program ia written in the RASIC language
common to mont mlcrocomputura; because Lt is easy to use and to trangport betwaen
machines from different manufacturers. The majority of inexpensiva
micrc;cou\putor- do not offer matrix oparations as part of thelr BASIC Interpreter. 0
The program preasanted here, therefure, supplies aubroutines in BASIC for the 2 |

soroing, transposing and inverting nf the required matrices, to make it

compatible with most microcomputers available today. The raport gives examplos

and program cutput based on & demonsiration data set involving antigen-antibc iy
. vomplexation in solutivn., Two derivntiona of function subroutines are given to

assint the weer in devaloping his own functions. A complete listing of the

necessary programs is glven along with a section op program cautlons.
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INTRODUCTION

The advent of the personal computer and the development of genaral purpose
software has now made it possible for blo-medical scientists to take advantage of
power ful modeling tools previously available only to mathematicians or computer
sclentlists. Care must be taken, howevar, to insure that programs are correctly
applied and that any limitations in the methods arm clearly undsrstood.

One modeling application which appears repeatedly in bio-medical research is
that of pradicting an outcome on the basis of experlence. This statistical
method, known as regresaion arnalysis, requires that a functional relationship
between the dependent and independent variables be specified, In the past,
ragression analysis has heen largely limited to linear models. Such models can
be solved by hand with a single matrix inversion, although they are more easily
solvad using a computar, Cartaln other models can be made linear by parameter
transformatlon in order to utilize linear regrassion techniques, Transformations
can introduce unwanted and sometimes unsuspected limitations or assumptions into
the model and must be used with care. The majority of models encountered in
bio~medical reasearch and in problems of solution equilibrium, howaver, are
non-linear and many cannot be transformed into linear form, 1In order to
adaguately model these systems a ragquirement exists for a general purpose
non-linear regression tachnigue which is both sufficiently general and robust to
be applicable to a wide variaty of research interests,

This report documents a general non-linear reayression program for fitting
data to non-linear models. The program is written in the BASIC language common to
most microcomputers., The program has been adapted for use on ssevaral,
stand-alone, microcomputer systems including the Wang 2200 series, the Radio
S8hack TRS-80 Models I and II, and the Apple II. Because BASIC is common to most
microcomputer systems the program is transportable between machines with relative
ease, BHSome microcomputers offer matrix operations as part of their BASIC
interpreter, howevaer the majority of inexpensive microcomputars do not. The
program presented here supplies subroutines in BASIC for the zeroing, transposing
and inverting of the required matrices, to make it compatible with most
microcomputers available today, If the program is to be used on egquipment which
supports matrix operatione, the matrix subroutine calls can he replaced with the

corresponding matrix keywords,
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METHOD

The program {s basad on an algorithm by Marguardt (1) which uses a Taylor's
series expansion to give successlve improvements to an initial set of parameter
estimates, The method is actually a compromise between the Taylor's series
(linearization method) and the method of steepest descent (gradient method), It
combines the best features of both methods while avolding thelr most serious
limitations (2)., It shares with the gradient methods tholr ability to converge
from an initial guesa which may be outside the reglon of convergence of other
methods, and with the Taylor series methods their ability to rapidly converge
once in the viecinity of the ninimum, An attenuation parameter (lambda) is used
to interpolate between the two methods as needed, Making lambda large favors the
gradient method, and expands the region of convergence; making lambda small
selacts the Taylor series and favors vapid convergence. Although no single
method can be considered best for all non-linear problems Marquart's method is a
sensible first choice, provided the initial parameter estimates are reasonable,

The user supplies a subroutine which apecifies the calculation of an error
between an observed variable and a model of the observations. The model is a
mathematical relationship between tie independent variables (X(J,1)- XtJ,5)); the
coeffliclents or parameters being estimated (B(1)~B(10)); and the independent
variable (Y(J))., The subacript (J) is used by the program to indicate each
distinct data point and must be included in the model, The user provides the
data and the starting guessas for the parameters or coefficients (B'a) being
estimated by tlue least squares criterion. Tha program then calculates a gum of
squared errors (SSE). The program also calculates numerical partial derivatives
of the function with respect to the B's and uses these together with the
attenuation parameter (lambda) to select a new set of B's. 1If the new B's giva a
better SSE then lambda is divided by 10 and the cycle is repeated. If the new
B's do not improve the SSE, then lambda is multiplied by 10 and another set of
B's is calculated. At each iteration the new parameters, the SSE, lambda, and
R~squared are printed out. All this is repeated until the pre—selected number of
cycles has been exhausted or until succesasive changes in the B's are less than
ona part in 10,000 (Line 470), Datailed accounts of this method may be obtained

from the referances listed.




THE _PROGRAM

The program actually exists in four separat» pe<tys (lismted In Appendix A)
which are stored as independent disk filas. As isted thavy run on a Radio Shack
TRS-80 Model II but can easily be adapted to any machine using Microsoft BASIC.
The program statements that differ from machine to machine «re those cuncerned
with I/0. On some machines the multiple statement lines will) need to be listed
as single statements, Although meveral versions of this program have contalned
subroutines for plotting the data points as wall as the functional relationahip
in order to visualize the model "fit", plotting routines have been omitted from
this report because they are extremely machine dependent. 1If plotting is desired
it ia usually quite simple to add plot routines for a specific machine, The
experimental data pointe are contained in the varlable arrays Y() and X(,), A
series of X values can be generated incrementally between a lower and an upper
limit, and a corresponding Y value can be calculated for each using the funotion
subroutine Iin Line 50 of the program, The model curve can then be plotted and
compared to the plot of the experimental data. Of course only one independent
variable can be plotted at a time,

The first program is called "NONLIN/DAT" and ie used to facilitate data
entry and to creata disk data files. Many indepandent data mets can ba created
and stored on diak under different names using "NONLIN/DAT", The main program is
called "NONLIN/REG" and performs the actual regression analysis, The third ia
"NONLIN/PRT" and cannot be used independently buc may be merged with "NONLIN/REG"
to divert the output from the acreen to the printer. The fourth is the function
subroutine. It is called by any 8 character daescription "w¥tkssiat nlug the file
extenaion /FUN, 'The function subroutine is a BABIC werge file and nust be merged
with "NONI.IN/REG" prior to program execution. This design allows many functions
to be Btored on the diak with only a aingle copy of the "NONLIN/REG" program.
Since both "NONLIN/PRT" and "#Whiadi#/FUN" are merge f£iles they muat be saved to
disk in ASCII format.

Program 1 "NONLIN/DAT" and program 3 "NONLIN/PRT" are self explanatory,
require no changes and should be used aa listed except for any machine apecific
modifications, Program 2 "NONLIN/REG" has the option of adding a "plot Data
Polnts" routine between lines 1006 and 1499 and a "Plot Least Squaras Flt®

hetween lines 1506 and 1994. A subroutine to scale the data or to establish
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upper and lower limita for the plot can be added in this same region. Tt i
possible to change the convergence criterion by changing the value in line 470 to
a larger or smallar number, The rest of the program ls quite general with the
ability to handle up to 100 data points and up to 5 independent variables
(X(J,1)=X(J,5)) automatically. The total numbar of data pcinta and the number of
X variables are read in with the data set. The number of parameters ls governed
by the function and is limitad to 10 (B(1)-B(1l0)). If computar RAM atorage is
limited it may be necessary to reduce the size of the X(,) and Y() arraya to
conserve space. The program itself occupias about 5400 bytes of RAM and
increases to 6000 bytes when the printer routine and an average function routine
are added, Program space can be reduced to about 4400 bytes by compression if
absolutely necessary. This is not recommended, however, because the program code
becomes unreadable and the mergling of printer and function routines impossible.
The data arrays require an additional 5500 bytes for a total proyram requirement
of 11,500 bytes. The best way to recover space is to redefine the data arrays,
if possiblae, to use less memory, The majority of microcomputers can, howavaer,
accommodate this program easily in its entirety. In genaral programas l-3 requira
little operator intervention or attantion.

Program 4 "whkwrwar/PUN" iy the only part of the program that is really
variable and must be written by the operator., This ims the mathematical function
or model to which the data are to be fitted. The mubroutine begins in line 50
and uvan contlnue through line 99, It ism located in the beginning of the progranm
for easy viuibllity and hecause {t i{s the most frequently called routine in the
program. Since the BASIC interprater starts searching for subroutines at line 1,
the location of the function subroutine early in the program provides a slight
apeesd advantage. The mubroutine is created like any other BASIC program and then
saved to disk in ABCII format so that it can be merged into the main program,
Since BASIC does not diffarentiate betwsen variables in the main program and
those in mubroutines, care must be taken not to use any variables in the
subroutine which are used in the main program. A variable cross refaerence index
is given in Appendix D to help users avoid main program variables in the function
subroutine. Array, string and explicitly defined variables of the same nams,
howevar, are all distinct in Migrosoft BASIC., Appendix C gives the derivation of
the function subroutines which correspond to those used for the example program
output in Appendix B. The function routine has only two tasks, to use the

pactametsars (8's) and the X values to caloulate a Y(calc) valus and to compare
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this value with the true Y value to detarmine the error. This error muat be
storad in the variable E (E=Y(J)-Y(calc)) and will be used by the main program to

compute the SSEZ. The subroutine must then return to the main program., It is a

good practice to print the function subroutine (LLIST 50-%9) befors running any

program. This provides a permanent record of the model used for that fit on the

PRS-+t

same page as the program output.

RUNNING THE PROGRAM

i ' Most microcomputers firast load a Disk Operating System (DOB)., To run a
- BASIC program the BASIC interpreter must be loaded bafore the program. Allowance
L i

: . for at least one I/0 buffer must be made when BAGIC is loadad, The sequence for

E ] loading NONLIN ias LOAD *NONLIN/REG"; MERGE "NONLIN/PRT" {f the cutput is to go

to the printer; and MERGE "##®swai/FUN" (the function subroutine which has been
praviously created and stored on disk). Examples of program output for one, two

t and three parameter models using the same data are given in Appendix B. Typing

- ————

| RUN begins execution of the program. The program then requests the following

. ‘ { inputs:
i Data File Name? --- Response! Enter the name given the data file at the
time of file creation.

. ; . Max. No, Itaiallons? ~--- Response: Enter a limiting number of iterations
¢ in case the model does not convearge, a good practical number is 15.

b Initial value Lambda? ~-~ Response: Enter the starting value for lambda,
3 usually 1. The more accurately the starting B's are known the
% smaller lambda can be,

P
3‘ : 1 No. of Parameters? --- Response: Enter number of parameters in the
e raegression model. Must be the same as the & of parameters used in

the function B(l) to B(10).

Starting Parameteras? --- Rasponse: Enter the bast astimate possible for
sach of the parameters used in the function. 1f, for example, 3 was
antered under No. of Parameters then a separate estimate must be
given for each of the 3 parameters here. It is possible to defeat
the program by entering unrealistic values for the B's at this point.
The estimates nust correspond exactly as used in the model B(l),

Bl2), B(3) etc.
Print Data? --- Responsss Typing 1 will cause the data set to be printed
' out, Y first then each of the five X's. If any of the X's are not
used a 0 (s printed instead.

T S
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From this point on the program runs automatically printing the number for

each iteration, the values of the parameters, the SS8E, the R-squara and lambda.

Only those steps in which the 8SE improves count as an iteration, 1If tha BSE has

incroased instead of decreased, a new set of B's will he found using the old B's
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and a 10 fold larger value for lambda. Lambda is not printed and the i{teratlon
counter is not incremented. Iteration continues until either the convergence
criterion is met or the program runs out of iterations as specified on praogram
entry. It then sets lambda~( and caloulates a final set of paramaters, a final
SSE and a final R-mquare. It also gives the overall variance and the standard
deviation and an approximate standard error for each parameiter with its
coefficient of variation. The more nearly linear tbe model, the more accurate
are thege approximations.

The program then offeras the option to print out the variance-covariance
matrix, the correlation matrix and a table of residuals. The table of residuals
is umeful for quickly detaecting bilas in the model, and the corralation matrix for
spotting interactions between parameters. The program also offers a complete
printout of the X and ¥ data and uses the beat values of the parameters (B's),
found by the {teration, to compute the corresponding Y(calec) values and their
approximate mtandard errors, Th2 95% confidence interval nn ¥Y(calc) is also
printed as (+/- 2 ED) as ls the ramidqual, Only the first value of X is printed,
If plotting subroutines have been added to the program, plots of the data and
function can be drawn at this time, The program then either processes another

data set or terminates.

Three separate program outputs for a one, a two and a three parameter model
are provided in Appendix B, The mame data set is usmed for all three examples to
demonstrate how changing the mathematical modul to more accurately represent the
actual specien in molution results ir a considerable improvemant in the fit of
the axperimental data. Derivation of the functions usad for these models is
provided 1ih Appendix ¢ to illustrate two commor. mathods for developing the model
functions., The data set used for the examples rapresents a number of serial
dilutions of a sclution containing an antigen-antibody complex. The Y value
represents that fraction of the total antigen bound to antibedy. The Y(J)'s
waere obtained by dividing the amount of radioactivity present in an ammonium
sulfate precipltation of the complex by the total radiocactivity, The X(J,1)
value la the dilution factor for each of the 11 solutions., The total starting
concentrations for both antigen and antibody are known, The total conceantrations

for each dilution are obtaiued by multiplying the total concentrations by the
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dilution factor X(J,1). You will note that the undiluted solution is 33.4% bound
while the 1/50 dilution is only 9.3% bound.

The first example in Appendix B is the 1l:1 model for antiyen-antibody
binding. Only one parameter is needed for this model namely the eguilibrium
binding constant K. This model is the simplest case for a sclution interaction
since it permits only a s‘ngle species of both antigen and antibcdy and only one
interaction between them. Models of this type are relatively easily solved
algebraically in terms of known quantities (auch as the total antigen and total
antibody concentrations) and the parameters being estimated (see Appendix C).
The equilibrium eXpression and the masa balance aquations reduce to a quadratic
equation in elther free antigen or free antibody concentration which can be
solved using the quadratic equation as is done hera. This method is preferable
to lterative methods for function solution since the evaluation is direct, not by
successive approximation. There are many instances, particularly with multiple
equilibria, where higher order aquations are encountered which are more difficult
to solve algebraically, In these cases numerical procedures for evaluating the
function are prefarrsd although computer time may be lengthened substantially.
The numerical solution of a function is shown in example 3, Many problems in
solution equilibrium can be expressed in terms of the fraction of wome component
bound as a function of an unbound species., This type equation often reduces to
the form (Y=B*X/(l+B*X) where Y is the fraction of a species hound, B is a
parameter, usually a binding constant, and X is the frea concentration of the
binding species, The single parameter model yields a binding constant of
5,1E+5, with a standard error of about 17%. The SSE is ,0323 and the R~square of
.43 shows that only 43% of the total variation is explained by the model., The
table of residuals shows a clear bias in the fit with large negative errors at
one end of the data to large positive errory at the other. This is a cleur
indication that the model is not quite correct.

The second example is an attempt to improve the fit by introducing a second
parameter but using the same 11l binding model. Here we postulate that the
starting total antibody concentration is lncorrect and that some other
“effective" antibody concentration more accurately represents conditions In the
golution. The first parameter is the binding constant and the second is the
"effective” total antibody concentration. As you can see addition of thim

parameter reduces the SSE to ,0016 and improves the R-square to 97% explained

variation, a clear improvement in the f£it. The binding constant is changsd to
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2.7E46 with a standard error of 128. The total antibody concentration drops from
4.5E-6 to an effactive concentration of 2.3E-6 which greatly improves the fit to
the 1:1 model., The standard error in this concentration parameter is only 4%.
The reaiduals, although smaller than those in axample 1, still indicate a bias
since they are first positive, then negative and then positive again. In genaral
one hopes for rvandomly distributed signs on the residuals, The correlaticn
matrix indicates a fairly high correlation between the two variables at .84. On
statistical grounds, an increase in the number of degrees of freedom (parameters)
in the model is expected to decrease the SSE and improve R-square. Whather or
not the decrease in the B8SE, on addition of a parameter, is significant can ba
deternmined using an F-test,

Example 3 expands the model from a lil single species binding model to a
multiple apecies model, This 3 parameter model postulates that the total
antibody concentration is divided between two different antibody species, each
with a different binding constant, competing for a asingle specias of frae
antigen, The inverse model where two different specles of antigen compete for
tree antibody also fits the data well. The firsmt two parameters are the two
binding constants and the third is a distribution coefficient which determines
what fraction of the total antibody belongs to each species, These equilibrium
erpressions and the mass balance equations would reduce algebraically to a cublce
equation in the known guantities and the parameters. In general the resultant
equation ia a polynomlal of order (# binding constants + l). Solving higher
order equations in terms of knowns and finding their roots, is more involved than
the solution of a quadratic in examples 1 and 2. Since equilibrium equations are
positive definite functions, an easier method is available, although it requires
more computer time. It is possible to use a binary search to find the true value
for free antibody concentration by successive approximation.

The blnary search works as follows. First one uses the equilibrium and mass
balance equations to solve for the free concentrations of antibody 1 (Bl) and
antibody 2 (B2) in terms of the binding conamtants (K1) and (K2), tha total
antibody concentration (TB) and the free antigen corncentration (¢). We also
solva for total antigen concentration (TG) in terms of the (K1, K2, Bl, B2) and
(G)., All except (G) are known, We can find (G) by guessing a concentration half
way between zero end the total antlgen concentration (TG). We then use this
gursg to calculate a value for ™G, TG(cale). We compare this with the true value

for TG, If TG(calc) 18 too high then the guess for G was too high and we set the
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new upper limit on G to the old value for G and keep the lower limit, If TG is
too low then G was too low and we set the lower limit on G to the old G value and
keep the upper limit. A new G is thea chosen half way batween the new upper and
lower limi*s and the procadurs is repeated. The search continues until the new
value for G does not differ significantly from the old value, The function then
uses (TG-6)/TG to calculate the fraction antigen bound, Y{calc), computes the
error E and returns.

The results yield a high affinity antibody with a constant of 4.4E+6, and a
low affinity species with a binding constant of 6.0E+4, These constants have
coefficients of variation of 12% and 208 reepectively. The third parameter tells
us that the proportion of high affinity antibody io 39% and low affinity antibody
61%. You will also note that the 855 has been decreased to .00033 and the
R-square increased to 99,.4% explained variastion. This is a significant
improvement in fit over the two parameter model in example .. The residuals also
look very yood, They are all small, have randomly distributed signs and show no
particular bias. The correlation matrix shows a correlation of ,45 between the
two binding constants, .84 between K1 and the distribution constant (R) and .82
between K2 and R. On the basis of the random residuals, the low SSE and the high
R- sgquare we would conclude that the model in example 3 adequately represents the
data. Although there may be other models which alsc fit this data, 2 antibodies

1l antigen is a good model.

PROGRAM CAUTIONS

The Taylor's series used in the program has a reglon of converganca, Making
lambda large increases the size of this region, however it is still posaible to
give initial parameter estimates which are outslde this region. When this
happens the program may diverge lnstead of converging and the program will
terminate with an error condition, either a division by sero or amn
overflow/underflow error. This can also happen if the model is incorrectly
postulated or an algebraic error is made in the function derivation. It can also
happen 1f there ls an error in the data. If a program error happens, the data
Bhould be carefully checked for accuracy, the functional model checked for

algebra and the starting parameters checked. 1If this doesn't help a new

parametar sat should be tried or a larger starting lambda value.
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Many functions of interest to the researcher ara limited in their range by
nature, For example concentrations and therefore binding constantas can only have
positive values (negative concentrations are undefined). The ragression progranm
has no such limitation, however, since mathematically negativae and positive
numbers are equally valid. This can present a problem since the program can find
gsolutiona with negative (meaningless) as well as positive binding constants. The
problem can be avoided by careful reatructuring of the function i.e, by
transforming one or more parameters to new parameters with natural limits
corraesponding to the desired limits, For example one can use the log K value
instead of the K paramater aince the log function is naturally limited to
positive numbers, In example 3 we used another technique to limit the range of a
parametar. Ingrtead of using the parameter R for the distribution coefficiant
between the antibody species, we used the squared Sin function. Since the only
meaningful values for R are positive numbers between 0 and 1 the range of R must
be raestricted. This is done by letting (RwBin(B(3))*8in(B(3)) where the naw
parameter is the argument of the Bin function in radians. Now R is limited to
the positive range 0 to 1 whereas if it were a parameter itself it could include
all positive and negative real numbers. The immediate mode of BASIC can be usad
after completion of the program to print the actual value of the parameter of
interast.

One must also recognize that just because the program findes a parameter fit
to a data set does not make that model true. The mathematical representation may
be useful for prediction but may or may not shed any light on the actual
mechaniam of the process under investigation, The model should not only be
algebralcally correct it should also have either physical or chemical
significance, i.e, it should represent and be conaistent with all other known
characteristics of the real system,

Certain models and data sets have an SSE surface which exhihits regional as
wall as global mimima. If this occurs it is possible for the program to locate u
local minimum {nstead of the global minimum. In this case the convergence
criterion is met but the program has fallen into a pit and has not located the
lowest point on the surface. To test for this conditioun one should, when
initially investigating a new model, exanine the surface using saveral starting
values for the parameters. If the program converges to the same point from
several different starting points one can be reasonably confident that the global

minimum has been found.
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APPENDIX A
Co PROGRAM (1) NONLIN/DAT
, | 10 REM #w#& pATA INPUT ROUTINE FOR NONLIN #www#
i

15 DIM Y(100),X{(100,5)
20 CLS t INPUT "NUMBER OF DATA POINTS (100 MAX)";N
25 INPUT "NUMBER OF INDEPENDENT (X) VARIABLES (5 MAX)"“;Nl
30 INPUT "NAME OF DATA PILR";Z$
3% PRINT : PRINT "Y VAR. , X VARS,"
PRINT "=ceemwem——a wm=m=¥ 3 PRINT
45 FOR I=]l TO N
50 PRINT "ENTER Y("j)I;")™; : INPUT ¥Y(I)
55 FOR J=1 TO Nl
60 PRINT "X(";I;J;3")"; ¢+ INPUT X(I,J)
65 NEXT J,X
: 70 OPEN *O",1,2%
. 75 PRINT #1, N,N1
: 80 FOR I=l TO N
85 PRINT $1, Y(I)
30 PFOR J=1 TO Nl
9% PRINT #1, X(I1,J)
100 NEXT J,1
105 CLOSE 1
110 END
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PROGRAM (2)

RN

100
1058
110
120
130
140
145
150
160
170
175
180
190

APPENDIX A

NONLIN/REG

CLS : PRINT "wwi* NON-LINBAR REGRESSION ANALYSTIS ww#«® ; PRINT

DEFINT I,J,K
DIM B{10),G{(10),P(10),¥(100),X(200,5)
DIM A(10,10),AA(10,10),C(¢20,10),Q(10,10)
GOsUB 2400 ’
GOTO 110
REM ##% TNSERT FUNCTION HERE (LINES 50~99) #w¥
THE FUNCTION MUST CALCULATE A VALUE (F) FOR Y(J),
COMPUTE THE ERROR BETWEEN THE OBSERVED AND CALCULATED
Y VALUES (B=Y(J)-F), THEN RETURN,
INPUT "NEW POINT SET (0=NO, l=YES)";E6 : FRINT
IF E6>0 THEN RUN ELSE 1995
INPUT "MAX, NO. OF ITERATIONS" Tl
INPUT “INITIAL VALUE OF LAMBDA";L
INPUT "NO. OF PARAMETERB";Nl
PRINT 1 PRINT "STARTING PARAMETERS8" 1 PRINT
FOR I=1l TO N1
PRINT “B(";I3")"; « INPUT B(I) 1 NEXT I
PRINT : INPUT "DO YOU WANT TO PRINT DATA (0=NO, lwYES)";BS5
IF R5=0 THEN 200
PRINT 1 PRINT "OBSERVATIONS Y,X(1-5)" : PRINT
FOR I~l TO N
PRINT "("yIy")"pTAB(7)¥(I) TAB(17)1X(1,1);TAB(27)X(1,2);

TAB(37)3X(X,3))TAB(47)X(1,4);TAB(S57)X(I,%)

195

NEXT I

200 21l=0 : 22=0

205

FOR I=1l TO N

210 21l=Zl+¥(I)

15

22mZ24Y(I)*Y (1)

220 NEXT 1

225

T2m0)

230 T2=T2+1

3%

80=0

240 GosuB 2000

245

GOSUB 2025

250 GosuB 2050
255 GOBUB 2075

260
265
270
275

FOR J=l TO N
GOSUB 50
80=80+E*E
El=E

2680 FOR Iwl TO N1
285 B(I)=B(I)*1,001

290
295

GOsUB 50
B(I)=B(I)/1.001

300 P(I)=(EL1-E)/(.001*B(I))

305

NEXT I

310 FOR I=l TO N1

315 G(I)=G(I)+EL*P(I)

320 FOR Il=l TO N1

325 A(I,I1)=A(I,Il) + P(I)*P(Il)

330 NEXT Il

335 NEXT I

340 NEXT J

345 FOR I=1 TO Nl

350 FOR J=1 TO Nl

355 Q(I,J)=A(X,J)/(8QR((A(I,I))*(A(I,J))))
360 NEXT J

365 G(I)=G(I)/(BQR(A(I,I)))

370 NEXT 1

375 PRINT : PRINT "SSE=")80;TAB(22)3;"ITERATION NO.=";12;
''AB(49); "LAMBDA=",L

390 PRINT "R-SQUARE a"j1-(80/(22-(21%*21/N)))
395 FOR I=l TO N1

400 Q(I,I)wQ(I,T)*(1+41)

405 NEXT I




APPENDIX A
- 8 410 GOBUB 2250

g ! |+ 415 FOR I=l TO Nl

3 - 420 P(I)=0

- 3 i, 425 FOR J=1 TO Nl
" 430 P(I)wP(I)+C(I,J)*G(J)
, B 435 NEXT J
440 P(I)=P(I)/(BOR(A(I,I)))
445 NEXT I
450 IF T1<0 THEN 650
455 IF T2>=Tl THEN 500
460 NN=0Q : I=l
! 465 IF I>N1 THEN 510
- 470 IF ABS{P(I)/B(I))<.0001 THEN NN=NN+1
‘ 475 IF NN>=N1 THEN 490
: 480 IwI+l 1 GOTO 465
490 PRINT : PRINT "CONVERGENCE"
495 GOTO 620
500 PRINT "YOU ARE OUT OF ITERATIONS"
505 GOTO 620
510 FOR I«l TO Nl
918 B(I)=B(I)+P(I)
520 NEXT I
525 S1l=0
530 FOR J=l TO N
535 GOSUB 50
540 SlwSl+E*E
545 NEXT J
550 PRINT "PARAMETERS™
55% FOR Is=l TO Nl
560 PRINT B(I)}
570 NEXT I
575 PRINT
j 580 IF S1>80 THEN 595
‘ 585 LaL/10
590 GOTO 230
595 LaL*10
600 FOR Iwl TO Nl
! 605 B(I)~B(I)-P(I)
3 4 ) 610 NEXT I
E 61% GOTO 195
i 620 Tlm=l

e

625 L=0

630 GOTO 230

“ 630 PRINT

B 635 V=80/(N-N1)

. 660 VimSQR(V)

668 PRINT “VAR=";V;TAB(22);"8D=";V1;TAB(49);"88Eu" 80

675 PRINT

) 680 GOsUB 2275

B 685 GOBUB 2300

. 690 PRINT "FINAL PARAMETERS";TAB(22);"8TD. ERROR OF PARAM.";
TAB{49) 9 "COBPF. OF VAR."

| - . 695 PRINT "=eearnawcenuww=~=®1TAB(22) "‘-u---n-.-------—----',
" , TAB(49) § "mmmmmm e mmmem .

b " 715 POR I=l TO Nl

S 720 D=SQR(A(I, 1))

' . » 72% PRINT TAB(3);B(I);TAB(27) Dy TAB(52)3D/B(I)

i o 730 NEXT I

L 73% PRINT ¢ PRINT “PRINT VARIANCE~COVARIANCE MATRIX

1 ( 0-“0, 1=YES) "

. . 740 INPUT E7 s PRINT

g -l 745 IF B7=0 THEN 763

! : 750 GOsUB 232%

: 760 PRINT

e 765 PRINT "DO YOU WISH PRINTOUT OF ESTINATED Y FOR EACH X
. (0=NQ,l=YES)")

; 770 INPUT H7 1 PRINT

775 IP H7=0 THEN 920
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I ¥
§ [ 780 T=2
v L 785 PRINT TAB(6))"X";TAB(16);"Y";TAB(23);"ESTIMATED Y";TAB(36);
¥ £ "8,E, EBT. Y";TAB(49); "RESIDUAL"
Lo L 790 PRINT TAB(23)3"-(";T)"*% B,E,.)")TAB(36) 3"+ (";T;"* §,E,)"
Lo | 792 PRINT TAB(2)j"====-- ~="}TAB(12) "% =mmmm ~=-="TAB(23))
:5 ' Weomee mmmmame# PPAB(36) g o mmm e "JTAB(49) M mmemamat
* : 800 FOR J=l TO N
By I : 805 GOSUB S0
o v 810 El=E
- 815 FOR I=l TO Nl
S 820 B(I)=B(I)*1.00}
v 825 GOSUB 50
i 1 830 B(I)wB(I)/1,001
Y \ 835 P(I)m=(E1-E)/(.001*B(I))
& z 840 NEXT I -
Bl . 845 viw0 -
v ; 850 FOR J2=1 TO Nl -
J ; 855 FOR Jlm=l TO NL '
i B60 VisVl + A(JL,J2)*B(JL)*P(J2)
Y 865 NEXT J1
b 870 NBXT J2
e 875 V2mBQR(V1)
i 880 LlwY(J)-El-T*v2
§o A 885 L2=Ll42%T#y2
oo | 890 PRINT TAB(2);X(J,1)3TAB(12)¥(J)sTAB(23);¥(J)~EL;TAB(36);
i V2;TAB(49) JEL
H ' 900 PRINT TAB(23))L1)TAB(36);L2
_‘-i 910 NEXT J
g; 915 PRINT
! d 920 PRINT "DO YOU WISH TABLE OF RESIDUALS (0=NO,l=YES)";
W 925 INPUT H8
o 930 IF H8w0 THEN 970
T ! 935 PRINT
Co P 940 PRINT " RESIDUALS"
' Sag 945 PRINT
) : 950 FOR J=1 TO N _
ooy | 955 GOSUB 50 3
T 960 PRINT "(";J;")",B 4
Ko : 965 NEXT J
I 1 970 PRINT : PRINT “PRINY CORRELATION MATRIX (0=NO,1l=YES)")
| 975 INPUT E8 : IF EOw0 THEN 1000 1
P 980 PRINT .
; _ 985 GOSUB 2350 .
‘ 1000 PRINT : INPUT “PLOT DATA POINTS (O=NO,luYES)";Dl : PRINT
1005 IF Dl=0 THEN 1500
1500 INPUT "PLOT LEAST SQUARES FIT (0wNO,l=mYES)"jD2 1 PRINT )
o : 1505 IF D2=0 THEN 100 3
2 i 1995 END =
; g 2000 REM ** ZERO MATRIX G **
K ; 2005 FOR IIml TO Nl
b - 2010 G(II)m0
i - 2015 NEXT II
= - 2020 RETURN
' i 2025 REM %% ZHERO MATRIX A “* 3
. : 2030 FOR IIwl 70 N1 : FOR JJ=1 TO N1 !
i . 2035 A(I1,3:)=0
SR 2040 NEXT JJ t NEXT LI
Lo 2045 RETURN
3 2050 REM ** ZERO MATRIX Q ** f.
9 - 2055 FOR IIsl TO N1l ¢ FOR JJwl TO N1 3
: 2060 Q(II,JJ)=0
k. 2065 NEXT JJ 1 NEXT II
- » 2070 RETURN
il l 2075 REM %% 2ERO MATRIX C ** :
| ! 2080 POR II=l TO Nl : FOR JJ=l TO N1 .
| ] 2085 C(II,J3J)=0 .
X i 2090 NEXT JJ i NEXT II 1
: ; 2095 RETURN
. , A-4
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o 2100 REM * MATRIX INVERSION ROUTINE *
N 2105 FOR JJ=1 TO N1
- 2110 FOR II=JJ TO Nl
oy 2115 IF AA(IIX,JJ)<>0 THEN 2135

. i 2120 NEXT II

' N 2125 PRINT "SINGULAR MATIRIX"

.- b 2130 sTop

- b 2135 FOR KKwl TO N1
| . 2145 RA(JJ,KK)=AA(II,KK)

-y 2150 AA(II,KK)=S

3 2155 S=C(JJ,KK)

'if 2160 C(JJ,KK)=C(II,KK)

o . 2165 C(II,KK)=S
‘ - 2170 NEXT KK
I
!
|
]

—

2175 TTm=l/AA(JT,3J)

v 2180 FOR KK=1 TO Nl

. 2185 AA{JJ,KK)=TT*AA(JT,KK)
2190 C(JJ,KK)=TT*C(JJ, KK)
2195 NEXT KK
2200 FOR LL=1 TO Nl

- 2205 IF LL=JJ THEN 2235
2210 TT=-AA(LL,JJ)
2215 POR KKs=l1 TO Nl
' 2220 AA(LL,XK)=AA(LL,KK)+TT*AA(JJ,KK)

! 2225 C(LL,KK)=C(LL,KK)+TT*C(JJ,KK)
2230 NEXT KK
2235 NEXT LL
2240 NEXT JJ
2245 RETURN
2250 REM * TRANSFER MAT Q TO MAT AA *
2255 GOSUB 2075
2260 FOR II=l TO N1 1 FOR JJwl TO Nl : AA(II,JJ)=Q(II,JJ)
: 2265 NEXT JJ ¢ C(II,I1)=l : NEXT II
; 2270 GOSUB 2100 : RETURN
_ o 2275 REM * TRANSFER MAT A TO MAT AA *
- s 2280 GOSUB 2075
! 2285 FOR IT=l TO N1 t FOR JJ=1 TO N) : AA(II,JJ)=A(II,JJ)
2290 NEXT JJ 1 C(II,If)=l : NEXT II
X o 2295 GOSUB 2100 : RETURN
a ' 2300 REM 1 CONFIDENCE MATRIX TIMES VARIANCE *

AP

i 2305 FOR II=l TO N1 : FOR JJ=1 70 N1
- 2310 A(II,JJ)=C(II,JJ)*V
- l 2315 NEXT JJ,II
. ! 2320 RETURN
: oy 2325 REM * MATPRINT A *
e | 2330 FOR If=1 TO Nl : FOR JJ=1 TO Nl
. 2335 EB=A(II,JJ) : PRINT EB;
2340 NEXT JJ : PRINT : NEXT II
2345 RETURN
2350 REM * MATPRINT Q *
2355 FOR IIal TO N1 : FOR JJ=l TO Nl
2360 E8=Q(II,JJ) : PRINT E8;
2365 NEXT JJ : PRINT 1 NEXT II
2370 RETURN
2400 REM *% DATA INPUT ROUTINE *#
2405 INPUT "ENTER DATA FILE NAME" ;2§
2410 OPEN "I%,1,2$
2415 INPUT #1, N,N2
2420 FOR I«l TO N
* 2425 INPUT #1, Y(I)
2430 FOR J=1 T0 N2
2435 INPUT #1, X(I,J)
2440 NEXT J,1
i 2445 CLOSE 1
2450 RETURN
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APPENDIX A

. T Ty AE Y

PROGRAM (3) NONLIN/PRT

——

5 LPRINT "NONLINEAR REZGRESSION ANALYSIS" : LPRINT
31 LPRINT "DATA FILE NAME",, 2§
115 LPRINT “*MAX. NO. OF ITERATIONS",Tl
) 125 LPRINT "INITIAL VALUE OF LAMBDA",L
| 13% LPRINT "NO. OF PARAMETERS",Nl
: 141 LPRINT : LPRINT "STARTING PARAMETERS8" : LPRINT
) : 150 PRINT “B(";I;")"; : INPUT B(I) 2 LPRINT "B(™;I;")",B{1) t NEXT I
3 175 LPRINT : LPRINT : LPRINT "OBSERVATIONS Y,X(l1-5)" t LPRINT
1 - 190 LPRINT "("3I;")";TAB(7)3¥Y(I)sTAB(17)X(X,1)TAB(27);X(I,2)y
‘ ! TAB(37) ;X(1,3);TAB(47)1X(I,4)TAB(57)1X(1,5)
375 LPRINT 1+ LPRINT "SSEw";80;TAB(22) 3 "ITERATION NO,=";T2)
! TAB(49) ) "LAMBD?~* L,
. 390 LPRINT "i.-SQUARE =";1=(B0/(22=(21%2Z1/N)))
. \ ! 490 LPRINT : LPKI~T "CONVERGEWNCE"
|

[ 500 LPRINT “¥L:‘ »4E OUT OF ITERATIONB"
l 580 LPRINT "PARAMETERS"
560 LPRINT B(I);
575 LPRINT
650 LPRINT : LPRINT
665 LPRINT "VAR=";V)TAB(22);"SD="V1;TAB(49))"56E="80
690 LPRINT : LPRINT 1 LPRINT "PIMAL PARAMETERS";TAB(22);
“STD, ERROR OF PARAM.";TAB(49))"COEFF, OF VAR."
695 LPRINT "--=mmmsmm=c=coacd)MAB(22)) mmmnmnenn cmmmemmaaa¥y
TAB(49) j "= mmmm = mmmmmm "
725 LPRINT TAB(3)7B(I);TAB(27))DJTAB(52)D/B(1)
746 LPRINT : LPRINT : LPRINT "VARIANCE-COVARIANCE MATRIX" 1 LPRIN®
776 LPRINT 1 LPRINT : LPRINT "PRINTOUT OF ESTIMATED Y FOR HKACH X" 1
LPRINT
785 LPRINT TAB(6)"X")TAB(LG))"Y";TAB(23) ) ESTIMATED ¥";
. TAB(36)"8.E. EST. Y";TAB(49);*RESIDUAL"
| P 790 LPRINT TAB(23)y%=(*3T)"* 8,E.)"TAB(36) 5"+ (" T1"* 8.E.)

792 LPRINT TAB(2) j¥~===n=oc*jTAB(12) *mmnmnmnce ")TAB(23);
N Meaaeas ~==")TAB(36) } "mmmrr = e === ")TAB(49)) "=mmmmmm=¥
890 LPRINT TAB(2))X(d,1) 1TAB(12) 1¥(3) ) TAB(23] ¥ (J)-EL 1 TAB(36 )
V2 TAB(49) jEL

940 LPRINT : LPRINT : LPRINT "TABLE OF RESIDUALS" : LPRINT
960 LPRINT "(*jJ;")",E

981 LPRINY : LPRINT : LPRINT "CORRELATION MATRIX" :t LPRINT
1995 SYSTEM “T" : END

] 2335 RB=A(II,JJ) t+ LPRINT Bf;

‘ 2340 NEXT JJ ¢ LPRINT : NEXT II

: 2360 EB=Q(IL,JJ) s LPRINT R8;

) 2365 NEXT JJ : LPRINT i NEXT II

!

|

b

i : 900 LPRINT TAB(23);L1)TAB(36);L2
|

|
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PROGRAM (4) AGAR/FUN (1 PARAMETER)
50 REM ** PUNCTION FOR 1:1 ANTIGBN ANTIBODY BINDING **

55 Pl=B(1) t TG=X(J,1)%6.9E~6 3 TR=X(J,1)%4,5E-6

60 Al=Pl i Bl=l+PiI*TG«Pl*TB : Clw-TB

65 AB=(-Bl+SQRIBL*Bl-4*Al*Cl))/(2*Al)

70 F=Pl1*AB/(14P1%AB)

75 E=Y(J)~F

80 RETURN

PROGRAM (4) AGAB2/FUN (2 PARAMETERS)
50 REM ** FUNCTION FOR l:l ANTIGEN ANTIBODY BINDING *¥

55 PluB({l) 1 TGmX(J,1)*6,9E~6 t TB=X(J,1)*B(2)

60 Al=Pl  Blwl+PL*TG~PL*TB 1 Clw=-TB

65 AB=(-Bl+SQR(BL¥BL-4*AL*Cl))/(2*A1)

70 Fwpl¥*AB/{1+Pl¥*AB)

75 D=y (J)=-F

80 RETURN

PROGRAM (4) AB2AG/FUN (3 PARAMETERS)
50 REM * FURCTION FOR 2 DISTINCT SPECIES OF ANTIBODY, DIFFERENT K'S *
52 PImB(1l) « P2=B{2) 1 TBwX(J,1)*4,5E~6 t TUwX(J,1)1%6.9E~6
54 BL=0 1 LG=0 : TLxTG

86 RwSIN(B(3))*SIN(B(3))

58 Gw,5%(BL+TL)

60 Bl=R*TB/(1+PL*G)

62 B2=m(l~R)*I'B/(1+P2*Q)

64 TCmG*{l+P1¥*Bl+P2%B2)

66 IF TC>TG THEN TL=G ELSE BLw(

68 IF ABS((LG~G)/G)<1E-6 THEN 72

70 LG=G 1 GOTO 58

F=(TG-G)/TG : E=Y(J)-F 1 RETURN
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APPENDIX B
EXAMPLE (1) - FIXED TOTAL ANTIGEN AND ANTIBODY CONCENTRATION - (1 PARAMETER)

50 REF ** FUNCTION FOR l:l ANTIGEN ANTIBODY BINDING **
55 PlmB(l) t TG=X(J,1)*6,9E-6 1 TBmX(J,1)*4.58-6

60 AlmPl : Bl=1+Pl*TG-Pl*TB 1 Cl=-TB

65 ABm= (~B1+SQR(BLWBL=4*A1*Cl))/(2*Al)

70 FwPl®*AB/(1+P1l*AB)

7% EmY(J)-F

80 RETURN

NONLINEAR REGRESSION ANALYSIS

DATA FILE NAME AGAB201/DAT
MAX. NO. OF ITERATIONS 15

INITIAL VALUE OF LAMBDA 1

NO, OF PARAMETERS 1

STARTING PARAMETERS
B( 1) 1E+06

OBSERVATIONS Y,X(1-5)

336 1
+271 «5
+ 247 .25
»232 2
.231 .166667
.21 125
+196 .1
147 .05
122 .0333333
) .108 .025
11 ) ,093 .02

—~ o o o~~~
0 M-I U s i
(=4

P
=X R-2-R--X-K-X-R—X-J

OO0 0Oo00O

PeX=X=-1-X-X-X-X-R-K-R =]

COOCO0O00O0OO

SSE= ,0788425 ITERATION NO.= 1 LAMBDA=
R~SQUARE w==-,391782

PARAMETERS

723492

-

S8SE= ,0440415 TTERATION NO.= 2 LAMBDA= .1
R=SQUARE = ,22255

PARAMETERS

534537

85E=~ ,032425 ITERATION NO.= 3 LAMEDA= .01
R-SQUARE = ,427612

PARAMETERS

517088

SsB= ,0322849 ITERATION NO.= 4 LAMBDA= 1E-03
R~-SQUARE = ,430083

PARAMETERS

514760

S5E= .0322822 ITERATION NO.= 5 LAMBDA= 1lE-04
R-SQUARE = .430132

PARAMETERS

314392

SgE= .0322822 ITERATION NO.= € LAMBDA= 1E-05
R=-SQUARE = ,430133

CONVERGENCE

8SE= ,0322822 ITERATION NO,= 7 LAMBDA= 0
R-BQUARE = ,430133
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EXAMPLE (1) -~ PIXED TOTAL ANTIGEN AND ANTIBODY CONCENTRATION ~ (1 PARAMETER)

VAR= 3,22822E-03

FINAL PARAMETERS

- - k1o

-t -

SD= 0568174

STD. ERROR OF PARAM.

SSE= .0322822

COEFF. OF VAR.

CE L T P L )

|
; 514392 87748.9 .170588
!
I VARIANCE-COVARIANCE MATRIX
¥ 7.69987E+09
t PRINTOUT OF ESTIMATED Y FOR EACH X
! X Y ESTIMATED ¥ S.E. EST. Y RESIDUAL
l (2 * 8.E.) +( 2 * 8,F.)
! 1 .336 .435135 .0196493 -.04991355
: ,395837 474434
' .5 ,271 . 349467 0221201 -.0784667
l ,305227 .393707
i .25 .247 . 258758 0219879  -.0117584
' .214783 .302734
‘ .2 . 232 .23041 0212914 1.58979E-03
.187827 ,272993
‘ .166667 .23l . 208058 7,0204907 0229425
167076 . .249039
.125 .21 174782 . .0188B67 0352179
.137009 .21 2556
, .1 ,196 .151015 0174022 .0449853
! 11621 .1B5819
' ] .08 147 ,0906243 .012251 0563757
, > 0661224 115126
! 0333333 ,122 0649603 9,38744E-03 .0570397
J 1 0461854 0837352
, 1 .025 .108 .0506688 7.59664E-03 .0573312
: | 0354755 0658621
| .02 .093 .0415453 6.37967E=03 .0514547
L ,0287859 0543046
! TABLE OF RESIDUALS '
J (1) -.0991355
; ¢ 2) -.0784667
! t3) -.0117584 3
- (4) 1.58979E-03 :
{5 ) , 0229428
' {6 ) .0352179
| (7)) .0449R53
' {8 ) 0563757
. (9) 0570397
¢ 10 ) ,0573312
i . (11 ) 0514547
-

CORRELATION MATRIX

1
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APPENDIX B
EXAMPLE (2) - VARIABLE TOTAL ANTIBODY CONCENTRATION ~ (2 PARAMETERS)

i 50 REM %* FUNCTION FOR l:l ANTIGEN ANTIBODY BINDING *#
k . 55 PleB(l) : TGmX(J,1)%6,9E~6 : TBwX(J,1)*B(2)

| ; 60 Al=pPl i Bl=l+Pl*TG-PL*TB : Clw=-TB

' B 65 ABw(~Bl+SQR(BL*B)L~4*A1*%C1))/(2%AL)

i . 70 F=Pl*AB/(1+P1*AB)

i 75 E=Y(J)-F

80 RETURN

' NONLINEAR REGRESSION ANALYSIS

DATA FILE NAMB AGAB201/DAT
MaX. NO. OF ITERATIONS 15

. INITIAL VALUE OF LAMBDA 1
NO. OF PARAMETERS 2

'Q STARTING PARAMETERS

? B{ 1) 1E+06
0 B( 2 ) 4.5B~-06

: OBSERVATIONS ¥ ,X(1-5)

«336 1

1271 .5

247 .25
'232 lz

. 231 166667
.21 125
«196 1

147 .05
«122 »0333333
+108 025
+093 .02

} : S8E= ,0788425 ITERATION NO.= 1 LAMBDA= 1
i _ R~SQUARE w~,391782
a PARAMETERS

e
o~
? [V.X. . ENE- RE JF RN LY g

i
-0
-
COCODODOOOCOOoO

COoOO0O0OO0SODO00OO
0000000 QCO
[~ =RoRoloNoRalo—Ro -]

856896 3.8962E-06

. §SE= 02719686 ITERATION NO.= 2 LAMBDAw , 1
, ! R-SQUARE = ,519872
A - PARAMETERS
. . 1.13332B+06 2.B4243E-06

; S8E= ,0103209 ITERATION NO.= 3 LAMBDA= ,01
! R-SQUARE = ,817809

{ PARAMETERS

: 1.936858406 2,22722E-06

K 88E= 7,65994E-03 ITERATION NO.= 4 LAMBDA= )E~03
oo R=SQUARE = 864762
: PARAMETERS
: 2.53919E+406 2,29208E-06

FREN N SSE= 1,65261KE-03 ITERATION NO.= § LAMBEDA= 1E-04
: R~SQUARE = , 970827
o PARAMETERS J
2.65473B406 2,29025E-06 v

88E= 1,576879E-0) ITERATION NO.= € LAMBDA= 1E-05
R=S8QUARE = ,972113

PARAMETERS

2.65934E406 2.28993E-06
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APPENDIX B

EXAMPLE (2) - VARIABLE TOTAL ANTIBODY CONCENTRATION - (2 PARAMETERS)

SSEm 1,57867E-013 ITERATION NO.= 7 LAMBDA= 1E-06
R-~3QUARE = ,972132
PARAMETERS
2.66445E+06 2.28895E-06
§8E= 1.57865E-03 ITERATION NO.= 8 LAMBDA= 1E-07
R=-8QUARE = ,972133
PARAMETER3
2.671288+06 2.2874E-06
S8E= 1.5786E~03 ITERATION NO.= 9 LAMBDA= 1E-(8
R-SQUARE = ,972134
PARAMETERS
2.66406B+06 2,28876E~06
S8E= 1,57857E-03 ITERATION NO.= 10 LAMBDA= 1E-09
R-S8QUARE = ,972134
PARAMETERS
2.65847E406 2.29005E~06
PARAMETERS
2,65847E406 2.29005E-06
PARAMETERS
2.65847E406 2.29005E-06
PARAMETERS
2,65847E406 2.,29005E-06
PARAMETERS
2.65847B+406 2.29005E~06
PARAMETERS
2,65847E406 2.29005E-06
PARAMETERS
2,658%5E+06 2.29004n-06
PARAMETERS
2,65881B+06 2.28996E-06
PARAMETERS
2,66064E+06 2,28949E-06
PARAMETERS
2.66324E+06 2.,28887E-06
CONVERGENCE
SSE= 1.57857E-03 ITERATION NO,= 11 LAMBDA= 0
R-SQUARE = ,972134
VAR= 1,75397E-04 Sh= ,0132437 86Ew 1,57857E-03
FINAL PARAMETERS STD. ERROR OF PARAM. COEFF. OF VAR.
2,66406E+06 322641 .121109
2.28876E~06 8.48315E-08 0170644
VARIANCE~COVARIANCE MATRIX
1,04097E+11 -.0229482
~.02294682 7.19637E-15
PRINTOUT OF ESTIMATED Y FOR EACH X

X X ESTIMATED ¥ 8.E. ES8T. Y RESIDUAL

- 2 * S.E.) +( 2 * SQEQ)

1 <336 .307543 9.02226E-03 .0284566

«289499

.325588

i
|
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EXAMPLE (2) - VARIABLE TOTAL ANTIBODY CONCENTRATION - (2 PARAMETERS)

APPENDIX B

.5 271 .287748 6.86438E-03 ~.0167481
,274019 .301477
.25 .247 .256595 4.88633E~03 -9.59546E~03
.246823 .266368
.2 .232 .243942 4.5436E-03 -.011942
.234855 .253029
! 166667  .231 .23271 4.44295E-03 -1,70967E~03
; ,223824 .241596
' ,125 .21 .213538 4.57605E-03 -3.53788E-03 ‘
: ,204382 ,222694 .
o 1 .196 .197674 4.84864E-03 ~1.67352E-03
o .187976 .207371 i
! .05 147 145878 5.58837E-03 1.12191E-03
x ,13470) .157055
| ‘ ,0333333  .122 1165 5,53572E-03 5,49953E-02
.105429 ,127572
E_ o .025 .108 .0972603 5.24935E-01 .0107398
r . 0867616 ,107759 ,
f 1 .02 ,093 .0835914 4.91065E-03 9.40858E-03 ,
E : ,0737701 ,0034127 3
|
F ( TABLE OF RESIDUALS
‘ .0284566
' . -.016748L
- | ~9.59546E-03 4
-.011942
¢ -1.70967E~03 :

-3.53788E~03 !
-1.67352E-03

1.12191E-03

5,.49953E=03

0 ) ,0107398
1) 9,40858E=03

o~~~ —~ o~~~
oAU awh -
—— At

j CORRELATION MATRIX

§ Rl 3T e &

. 999997
.838443

838443

[PV

)
P S



EXAMPLE (3) - 2 BPECIES ANTIBODY,

50
52
54
56
58
60
62
64
66
68
70
72

REM ** PUNCTION FOR 2 DISTINCT SPECIES OF ANTIRODY,
Pl=B(l) 1 P2mB(2) : TG=X(J,L)}*6.9E-6 1 TB=X(J,L)*4.5E-€

BL=0 : LGw0  TL=TG
R=SIN(B(3))*SIN(B(3))

G=, 5% (BL+TL)

Bl=R*TB/(1+P1*G)
B2w=({1l~-R)*TB/(1+P2%G)

TCwG* (1+PL*B1+P2%R2)

IF TC>TG THEN TLwG ELSE BL~G

IF ABS((LG~G)/G)<1lE-6 THEN 72
LG=G : GOTO 58

Fu(1G~G)/TG t E=Y(J)-F : RETURN

NONLINEAR REGRESSION ANALYSIA&

DATA FILE NAME AGAB201/DAT
MAX. NO. OF ITERATIONS 15
INITIAL VALUR OF LAMBDA 1

NO, OF PARAMETERS 3
STARTING PARAMETERS

B({ 1) 1E+406

B{ 2 ) 10000

B( 3 ) - 4

OBSERVATIONS Y,X11-5)

(1) .336 1 0 0
(2) 271 .5 0 0
({3 .247 25 0 0
(4) .232 2 0 0
(S5 ) 231 166667 0 0
(6 ) .21 125 0 0
(7)) 196 1 0 0
(8) 147 .05 0 0
{9) .122 0333333 0 0
(10 ) .l08 028 0 0
(11) .093 .02 0 0

88E= ,25976€2
R-BQUARE =-1, 5855
PARAMETERS
3.42768E+06 37845.6

88E= 0276848
R-SQUAKRE = ,511219
PARAMETERS
4.98381R+06 62957.1

SSE= 6.29658E-04

R=BQUARE = ,908882
PARAMETERS
4.47224B406

ITERATION NO,= 1

.589247
ITERATION NO.= 2

.649251
ITERA IION NO.= 3

62553.9 .670344

85E= 3,31247E-04 ITERATION NO.= 4
R-B8QUARE = ,994133

PARAMETERS
4.42239B406 60377.4

8SEw 3.26629E-04
R-SQUARE = , 994234
PARAMETERS

+674733
ITERATION NO.» §

OO0 OO0OoO

2 BINDING CONBTANTS - (3 PARAMETERS)

LAMBDA=

LAMBDA=

LAMBDA~

LAMBDA=

LAMBDA=

DIFFERENT K'S **

APPENDIX B

COCCOoOO0OOQOCOoOO

.01

1E-03

1e-04
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APPENDIX B

EXAMPLE (3) - 2 SPECIES ANTIBODY, 2 BINDING CONSTANTS - (3 PARAMETERS)

4,43N023E+06 6068l.1 .6743

PARAMETERS

4.4299E+06 60673.7 .674314

PARAMETERS

4,42752E+06 60619.5 ,6744138

PARAMETERS

4.42257E+06 60491.,7 .674649

SSE= 3.256145-04 ITERATION NO.= 6 LAMBDA= 01

R-SQUARE = ,994234

PARAMETERS

4.40268E+06 59897.8 .675587

PARAMETERS }
4,41817E+06 60265.9 .674898

PARAMETERS

4 12229E+06 60437.9 ,674663

SSEm 3,26613E-04 ITERATION NO.= 7 LAMBDA= .1

R~SQUARE = ,994234 1
PARAMETERS

4.42156E+0A6 60452.2 ,67469 '
PARAMETERS : .
4,42223E+06 60447.9 .674671 1
G NVERGENCE

85H= 3.26613E-04 ITERATION NO.= 8 LAMBDA= 0 .

R-SQUARE = ,994234

_VAR= 4,08266FE-05 Sh= 6.38958E~03 S9E= 3,26613E-04

FINAL PARAMETERS

STD, ERROR OF PARAM. COEFF. OF VAR, }
4.42229E406 550569 .124499
60437.9 12239.4 .202512
674663 .0223403 ,0331133
JARIANCE-COVARIANCE MATRIX 1
3.03127B<11 5.1076E+09 -11292,8 ‘
5.7076E+09 1.49804E+08 —248.384
-11292,8 -248,384 4.,9909E-04
PRINTOUT OF ESTIMATED Y FOR EACH X
X Y ESTIMATED Y S.E. EST. Y RESIDUAL
-( 2 % §,E.) +( 2 % 5.E.)
1 336 .329505 5.84322E-03 6.49476E-03
,317819 341192 . R
.5 .271 .284716 3.2307E8-03" ~,013716" '
.278255 .291177
.25 .247 ,245774 3.0248E-03  1,22634E-03
.239724 ,251823
.2 .232 .233536 2.93133E-03 -1,53597E-03
.227673 .239399
.166667  ,231 ., 223414 2.7993E-03  7.58627E-03 ]
.217815 .229012 i
.125 .21 .207019 2.59741E<03 2.98081E-03 4
.201824 ,212214
.1 .196 ,193848 2.49761E-03 2,.15201E-03
,188853 .198043
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APPENDIX B

s

EXAMPLE (3) - 2 SPECIES ANTIBODY, 2 BINDING CONSTANTS - (3 PARAMETERS)

.05 .147 .1505562 2,74300E-03 -3,55201E-03
.145066 .156038

.0333333  .l22 .12463 3.17106E~-03 ~2,6303E-03
.118288 130972

+025 .108 .106789 1.27849E-03 1.21116E-03
.100232 «113346

.02 .093 .0936081 3.317838-03 -6.08131E-04
.0069725 .100244

TABLE OF RESIDUALS

6.49476E~03
~.013716
1.22634E-03
-1,535978-03
7.58627E-03
2.98081E-03
2.,15201E-03
-3,55201E-03
~-2,6303E-03
1.21116E~-03
-6.08131E-04

YOOV R WN -

o~~~ o~ o~ -~
[l =]
~—

e, SN RO e S TLE
- m—————

>

CORRELATION MATRIX

!
‘ . .999996 .459018 .841831
- .459018 1 822007
o ‘ .841831 .822007 1
fo ? R= .390168 (1-R)= .609832
&3 , gt
.‘“ 4 }
i :'. |
|
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g | L; APPENDIX C g
i iff DERIVATION OF 1:l ANTIGEN-ANTIBODY BINDING PUNCTION
‘ I‘}:‘:f.
- - Definitionst
' Gefree antigen conc. B=free antibody conc.
TG=total antigen conc. TB=total antibody conc.

BG=bound antigen-antibody complex Kwbinding constant

Equilibrium expression:
. K»BG/ (B*G) or BGwK*B*G (1)
b Mass balance equations:

\ TRwB+BG (2) and TG=G+BG (3)

Using equations (1) and (3) we get:
TG=G+X*B*G or TGu@w (1+K*B) or GuTG/ (1+K¥B) (4)

' Using equations (2) and (3) we get:

! TB=B+K*B*G and uaing (4): TB=R+ (K*B*TG/ (1+K*B) ) (5)
Using equations (2) and (5) we get:
l BG=TR-B or BG=B+(K*B*TG/(1+K*B))-B or BGm=K"B*TG/(l+X*B)
! ' Dividing both sides by TG we get:
{ (BG/TG)=K*B/ (1+K*B) (6)

S 20 0 o o (A M G D G0 0 NP S g D oy

. ; (BG/TG) is the fraction antigen bound or our measured Y
' value. If we let K*B equal X, we sea that the lil binding

* i egquation reduces to the hyperbolic form Y=X/(1+X), whare

\ Ysfraction antigan bourd and X=the binding constant times the .

i : frae antibody concentration.

In order to solve eguation (6) for fraction antigen bound,

we must first know the free antibody conventration (B). We can

[ use equation (5) which contains only known quantities and B, and 4
! raduce it to a second order polynomial in B,

|: Multiplying each term of equation (3) by (1+K*B) we get:
iy, TB* (L+K*B)mB*{1+K*B)+K*B¥*IG or TB+K*B*T'BeR+K*B*B+K*DB*TG
: l}’ Rearranging and collecting terms we get:
. y K¥(B*B)+B+K*BATG-K*B*TH-TB=0 or  K¥(B*B)+(1+K*(TG~TB))¥B-TH=0
R ) This is a quadratic equation in B whers the terus are;
i .a'; asK bul+K*(TG-TB) )} and gw~TB

. . It is now possible to use the quadratic equation

i o, ({(~b+8QR(b*b-4*a*c))/2%a) to solve for B uming these terms.

These ars the same terms used in function AGAR/PUM in Appendix A

l i and in examples 1 and 2 Appendix B, Once B is known then

equation (6) can be used to calculate the fraction antigen bound

and the srror tarm to complete the function subroutine. This

same procedura can be used to solve other equilibrium models Y
rovided a means for finding the root of the derived polynomial ]
s available.

“ .
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APPENDIX C

MODEL FOR ANTIGEN-ANTIBODY BINDING ASSUMING TWO
DISTINCT SPECIES OF ANTIBODY WITH
DIFFERENT BINDING CONSTANTS FOR ANTIGEN

Dafinitionst

G=free antigen conc, Bl=free antibody 1 conc.

TBl=total conc., antibody 1 B2=free antibody 2 conc,
: TR2~total conc. antibody 2 Ra=fraction of TB as TBl
: TB=total antibody conc. Xlmbinding constant 1

TG=total antigen conc. K2=binding constant 2

GBlmcomplex with Bl GB2mcomplex with B2

EQquilibrium expressions:

P |, , GBl=Xl *G*Bl and GB2=K2*G*B2

‘ Mass balance equations: .f
! TBl=Bl+GBl and TB2=B2+GB2 and TG=G+GBl+GB2

Partition functions:

TB=TBl+TB2 and TBl=R*TB and TB2=(1=R)*TB

| et e e et et

Using tha equilibrium and mass balance equations we get:

’ BlmTB1/(1+K1*G) or BLmR*TB/(1+K1*G) (1)
; ¥ B2=T2/ (1+K2*G) or B2=(1-R)*TB/(1+K2*G) (2)
' . TGuG+KL *G¥BL+K2*G#B2 or TGmG* (1+K1*B1+K2*B2) (3)

If we were to solve these equations in terms of G we would
i obtain a third order polynomial or cubic equation in G. Since
: there is no simple technique for obtaining the root of this
| aquation, there is no point in solving in terms of G. Instead we
. use a numerical technique for molution which daepends on the
. equations being positive definite functions,

! : Equations (1)-(3) ahove are structured so that given G ve
| can solve for TG, TG is known howaver and is the key to knowing
| when we have selected the correct G. First we set a lower and an
upper limit to G. We set the lower limit to 0 and the upper
N ‘ limit to TG. We then guess that the value for G is half way

. between 0 and TG. This first value of G is usad to calculate a
value for TG and compare it to the real value, If the calculated
value is too high then B was too high and we make the first guess
on G the new uppar limit. 1If it i{s too low we make the firat
guess on G the new lower limit, We make a new guess half way
: between the new upper and lower limits and try again until the
. . value for G converges to the correct value., This usually happens
- vy in 7-10 passes, Once we know the value for G wa can calculate
Lt the fraction bound (P«(TG-G)/TG).

i ;
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APPENDIX C

The following BASIC code performs the numerical solution of
a functlion uaing thia binary search method:

50 REM ** PUNCTION FOR 2 DIFFERENT SPECIES OF ANTIBODY WITH
DIFPERENT K'B ==~ PlmKl AND F2mK2 #»

%2 PlmB(l) 3 P2wB(2) t TB=X(J,l)%4.5E~6 t TGuX(J,L)%6.9E=6
54 BLw0) 3 LGm0 1 TLw=TG

56 R=SIN(B(3))*SIN(BR(3))

58 G=,5%(BL+TL)

60 Bl=R*TB/(1+Pl*G)

62 B2m(1-R)*TB/(1+P2*G)

64 TCwmG*(1+P1l¥BlL+P2%R2)

66 IF TCOTG THEN TL=G ELSE BL=G

68 IF ABS((LG-G)/G)<1E~-6 THEN 72

70 LG=G : GOTO 58

72 F=({TG~G) /TG t EwY(J)~F 1 RETURN

The varlablas are defined as follows:

Pl=Kl, P2=K2, R= fraction total antibody as species Bl.

B(l), B(2) and B(3) are the parameter variables B's
manipulated by the main program representing X1, K2,
and R respectively.

TB and TG are the total antibody and total antigen
concentrations.

X(J,1) is the X data variable, J is the number of the data
point and 1 means the first independent variable of a
possible 5.

G is the free #ntigen concentration.

BL is the bottom limit for G, TL is the top limit for G and
LG is the last value for G.

Bl and B2 are the free concentrations of anti{bodies 1 and
antibody 2 respectively.

TC is the calculated concentration for TG, TG(cale).

Y(J) is the ¥ value for the Jth data point.

Line %8 provides a new guess for G half way batwean the
upper and the lower limits,

Lines 60 to 64 caloculate a value for TG(calc) uming the @
from line 58.

Line 66 comparos the TG(calc) with TG and sets the new upper
or lower limit depending on the outcome,

Line €8 tests for convergence and either branches out of the
loop or causes another pass.

Line 70 resets the lamt G value to the current value.

c-3




APPENDIX D
VARIABLE CROSS REFERENCE INDEX FOR "NONLIN/PRT"

A 25( *325(2 355(3 365( 440( 720( 860( *2035( 2285( *2310( 2338(
AR 25( 2118( 2140( *2145(2 %2150( 2175( %21B5(2 2210( %2220(3 %2260( *2285(
: B :oc *150(2 *285(2 *295(2 300( 470( *515(2 S60( *605(2 725(2 *820(2 *830(2
I 8 (
i i C 250 430( *2085( 2155( %2160(2 *2165( %2190(2 *2225(3 %226%( %2290( 2310¢(
| D %720 725/2
; DL #1000 1005
D2 *1500 1505
. E  270/2 275 300 540/2 810 835 960
1 . El *275 300 315 %810 835 880 890/2
‘ y ES  *160 170
’ B6 *100 105
E7  *740 745
: , B8 *975/2 %2335/2 %2360/2
. G 20( *315(2 *365(2 430( *2010¢
H7 %370 778
H8  *92% 930
I 15 *145 1%0/5 %180 190/7 195 %20% 210 215/2 220 %280 285/2 295/2 300/2 305

*310 31%/3 325/3 338 %345 355/4 365/4 370 %395 400/4 405 *415 420 430/3
440/4 445 *460 465 470/2 *480/2 *510 515/3 520 %555 560 570 *600 605/3 610
%718 720/2 725/2 730 *815 820/2 830/2 835/2 B0 *2420 2425 2435 2440
I1 320 32%/3 330
i ' II %2005 2010 2015 %2030 203% 2040 *2055 2060 2065 *2080 2085 2090 *2110 2115
S 2120 2145 21850 2160 216% *2260/3 226%/3 *2285/3 2290/3 *2305 2310/2 2315 ,
I : *2130 2335 2340 %2355 2360 2365 A
J 15 %260 340 *350 355/4 360 *425 430/2 435 *570 543 %800 880 890/3 910 *950 '
960 965 *2430 2435 2440
| { Jl *855 860/2 B6%

J2 +*8%0 860/2 870
JJ %2030 2035 2040 %2055 2060 2065 *2080 2085 2090 *2105 2110 2115 2140 2145

- 2155 2160 2175/2 2165/2 2190/2 2205 2210 2220 2225 2240 *2260/3 2265 *%2285/3
) i 2290 *2305 2310/2 2315 *2330 2335 2340 *235% 2360 2365

! ~ K 15

: ) KK %2135 2140 2145/2 2150 2155 2160/2 2165 2170 #2180 2185/2 2190/2 2195 *2218%
4 : 2220/3 2225/3 2230

! L *120 125 375 400 *585/2 %595/2 %625

\

! . Ll *880 885 900
L2 *8B5 900

o LL %2200 2205 2210 2220/2 2225/2 2235
' t N 180 208 260 390 530 655 800 950 *2415 2420

E NL %130 135 145 280 310 320 345 350 395 415 425 465 475 S10 555 600 655 715 815

850 855 2005 2030/2 2055/2 2080/2 2105 2110 2135 2180 2200 2215 2260/2
2285/2 2305/2 233072 2355/2

N2 %2415 2430
NN *460 *47C/2 475
P 20( *300( 315( 325(2 *420( *430(2 *440(2 470( 518( 605( *835( 860 (2
Q 25( *355( *400(2 *2060( 2260( 2360¢
§ %2140 2150 %2185 2165
B0 %335 *270/2 375 490 580 655 665
81 %125 #540/2 580
%780 790/2 880 885
TL #110 115 450 455 *620
T2 %225 *230/2 375 455
TT #3175 2185 2190 *2210 2220 2225

e s Il o R Sl
-3

P e V%655 660 665 2310 -
o VL %660 565 *B845 *060/2 875 3
- S V2 *875 880 885 890 1
| . § X 20( 190(5 890( *2435(
b R Y  20( 190( 210( 215(2 BBO( B90(2 *2425¢
| N| Z  31/8 *2408/% 2410/%

v 21 %200 *210/2 3590/2
22 %200 *215/2 390
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microcomputers do not offer matrix operations as part of their BASIC inter-
preter. The program presented here, therefore, supplie
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,i F ! Item 20 (cont'd)

2 - for the zeroing, transposing and inverting of the required matrices, to make
. I it compatible with most microcomputers available today. The report gives

’ ! examples and program output based on a demonstration data set involving

3 | antigen-antibody complexation in solution. Two derivations of function sub-
o routines are given to assist the user in designing his own function sub-

X routines. A complete listing of the necessary programs is given along with a
L ; section on program cautions.
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